It is shown that the dispersion and attenuation functions in a linear viscoelastic medium with a positive relaxation spectrum can be expressed in terms of a positive measure. Both functions have a sublinear growth rate at very high frequencies. In the case of power law attenuation positive relaxation spectrum ensures finite propagation speed. For more general attenuation functions the requirement of finite propagation speed imposes a more stringent condition on the high-frequency behavior of attenuation. It is demonstrated that superlinear power law frequency dependence of attenuation is incompatible with finite speed of propagation and with the assumption of positive relaxation spectrum.
List of symbols. Viscoelastic media of the Newtonian, hereditary or combined type are known to have positive relaxation spectra [1, 2, 3, 4, 5] . Any network of springs and dashpots combined in parallel and serially has this property [6] . This is also true of many theoretical models of polymers (the Rouse model [7] , Zimm's reptation-based models [8] , Generalized Gaussian models [9] ), rubber [10, 11] , metals [12] and rocks [13] . Universality of this property has led to same attempts at explaining it by a general thermodynamic or "fading memory" principle [2, 14, 4] ). The same property is shared by some (but not all) dielectric media [15] .
Positive relaxation spectrum has some consequences for wave dispersion and attenuation in such media. We shall use the term "admissible" to refer to the attenuation and dispersion functions which are compatible with positive relaxation time spectrum. It will be shown that every admissible pair of attenuation and dispersion functions has an integral representation in terms of a positive Radon measure, which we call the dispersion-attenuation measure. The measure is arbitrary except for a very mild growth condition. The two expressions taken together can be considered as a dispersion relation in parametric form.
In contrast the acoustic Kramers-Kronig (K-K) dispersion relations [16] are non-local. The K-K dispersion relations express the dispersion function in terms of the attenuation function or conversely. This presupposes that one of these functions (usually the dispersion function) is accurately known and and is admissible. On the other hand, substituting any positive measure in the parametric dispersion relation yields an admissible pair of dispersion and attenuation functions.
There is no a priori argument in favor of the K-K dispersion relations in acoustics. In electromagnetic theory the K-K relations follow from the causality of the time-domain kernel appearing in the constitutive equations of a dispersive dielectric medium. In acoustics the K-K relations are derived from an ad hoc assumption about the analytic properties of the wave number. It is namely assumed that the wave number is the Fourier transform of a causal function (or distribution) L. This assumption is not justified unless a physical meaning is given to the causal function L. Attempts to give a physical meaning to the function L in terms of an ad hoc wave equation are discussed in Sec. 6 . The wave equation is however not consistent with the constitutive equations of viscoelasticity unless an approximation are made.
It will be also shown that in media with positive relaxation spectrum the frequency dependence of the attenuation function A 1 (ω) in the high frequency range is sublinear: A 1 (ω) = o [ω] . This fact raises some problems which we also try to address in this paper. In the case of power law attenuation the attenuation and dispersion are proportional to a power of frequency |ω| α . Numerous experiments in acoustics indicate that the power law accurately represents the frequency dependence of dispersion and attenuation over several decades of frequency. If the power law extends to arbitrarily large frequencies then viscoelastic theory based on positive relaxation spectrum implies that the exponent of the power law satisfies the inequalities 0 ≤ α < 1. The same inequality follows from the requirement of finite speed of propagation.
Investigations of creep and relaxation in viscoelastic materials always support the assumption of positive relaxation spectrum (e.g. [17, 12] for creep in metals, [13] for the upper mantle) and therefore models derived from constitutive relations exhibit sublinear attenuation and dispersion at high frequencies. In particular this applies to the Cole-Cole, Havriliak-Negami, Cole-Davidson and Kohlrausch-Williams-Watts relaxation laws commonly applied in phenomenological rock mechanics, polymer rheology [18] , bio-tissue mechanics (e.g. for bone collagen [19] ) as well as for ionic glasses [20] . It also applies to the most common constitutive model of bio-tissue based on power law creep [21] or to the soft-glassy model of cytoskeleton mechanics [22, 23] .
Sublinear power law attenuation (α < 1) has also been reported in experimental investigations involving PVC and lava samples [24] . Experimental ultrasound investigations of numerous materials point however to higher values of the exponent in the power law attenuation. For example in ultrasound investigations of soft tissues the exponent varies between 1 and 1.5, while in some viscoelastic fluids such as castor oil it lies between 1.5 and 2. In multi-walled carbon nanotubes the exponent lies above 1.1 [25] . We shall refer to this case as superlinear frequency dependence. Typical values of the power law exponent in medical applications using ultrasound transducers are α = 1.3 in bovine liver for 1 ÷ 100 MHz, α = 1 ÷ 2 in human myocardium and other bio-tissues [26] . Values in the range 1 ÷ 2 are observed at lower frequencies in aromatic polyurethanes [27] . Nearly linear frequency dependence of attenuation is well documented in seismology [28] . Approximately linear frequency dependence of attenuation has been observed in geological materials in the range 140 Hz to 2.2 MHz.
Several papers have been devoted to a theoretical justification of the superlinear dispersion-attenuation models [29, 30, 31, 32, 33, 34, 33] . In order to resolve some problems Chen and Holm [35] suggested to add a fractional Laplacian of the velocity field of order y, where 0 < y < 2, to the usual Laplacian of the displacement field in the equations of motion. Their approach still leads to an unbounded sound speed for superlinear attenuation and adds a new problem: their wave equation cannot be derived from a viscoelastic constitutive equation. The underlying physical model of Chen and Holm's equation is for the time being unclear.
The main factor affecting viscoelastic behavior and viscoelastic wave propagation is relaxation represented by the relaxation modulus. This remains true for fractal media such as polymers and bio-tissues. In contrast to anomalous diffusion, viscoelasticity is incompatible with fractional Laplacians.
Superlinear power law attenuation is incompatible with a finite upper limit on propagation speed. This also applies to more general attenuation functions with a linear or superlinear asymptotic growth in the high frequency range. In fact we shall see that the boundary between finite and infinite speed of propagation corresponds to asymptotic attenuation ∼ a ω/ ln(ω). An abnormal feature of wave propagation in media with superlinear power laws (and more generally in media with superlinear asymptotic frequency dependence) is appearance of precursors. The precursors extend to infinity and thus the speed of propagation of disturbances is infinite.
It is a challenging problem how to explain the incompatibility between the theory of viscoelasticity (or finite propagation speed) and experiment in the case of superlinear attenuation. It seems likely that the attenuation observed at ultrasound frequencies should be associated with an intermediate frequency range in which the attenuation function behaves in a significantly different way from its asymptotic behavior. However even in this case problems remain. A superlinear power law cannot be strictly valid in any finite range of frequencies. Since the local exponent α 1 (ω) := ln A 1 (ω)/ ln ω is analytic for ω > 1, it cannot be constant over a finite frequency range without being constant over the entire real line. Hence a local superlinear power law entails superlinear asymptotic behavior which is incompatible with the requirements of positive relaxation time spectrum and finite propagation speed.
Constitutive assumptions and basic definitions.
In viscoelasticity the relaxation modulus G, defined by the constitutive stress-strain relation
is assumed to have positive relaxation spectral density h. The latter statement means that for every t > 0
where r = 1/τ is the inverse of the relaxation time and h(r) ≥ 0. Eq. (2) represents a superposition of a continuum of Debye elements. For mathematical convenience eq. (2) will be replaced by a more general equation
where µ is a positive measure: µ([a, b]) ≥ 0 for every interval [a, b] of the positive real axis. As indicated in the subscript of the integral sign the range of integration is the set of reals satisfying the inequality 0 ≤ r < ∞. In general the measure µ({0}) of the one-point set {0} is finite and equal to the equilibrium modulus G ∞ := lim t→∞ G(t). An additional assumption In contrast to eq. (2) the integral representation (3) includes as special cases finite spectra of relaxation times corresponding to superpositions of a finite number of Debye elements
(Prony sums), infinite discrete spectra corresponding to Dirichlet series as well as discrete spectra embedded in continuous spectra. However the main advantage of (3) over (2) is the availability of a very powerful mathematical theory which ensures logical equivalence of certain statements about material response functions.
In particular a function satisfying (3) is completely monotone. A function G(t) is said to be completely monotone if it continuously differentiable to every order and
n D n G(t) ≥ 0 for all non-negative integers n and t > 0
Bernstein's theorem [36, 37] asserts that eq. (3) is equivalent to (6) . There is no such simple characterization of functions which have the integral representation (2) . Hence the requirement of positive relaxation time spectrum (3) is equivalent to the complete monotonicity of the relaxation modulus [38, 1, 39, 5] . For us the main benefit from using (3) instead of (2) is the equivalence of (3) with a property of the dispersion and attenuation that will be explained below. That is, certain statements about attenuation and dispersion functions follow from (3) or, conversely, imply that (3) does not hold.
We now recall the definition of a Bernstein function [40] . A differentiable function f on ]0, ∞[ is a Bernstein function if f ≥ 0 and its derivative f is completely monotone. A Bernstein function is non-negative, continuous on ]0, ∞[ and non-decreasing, hence it has a finite value at 0. A function f on [0, ∞[ which has the form f (x) = x 2g (x) for some Bernstein function g is called a complete Bernstein function (CBF) [37] . It can be proved that every complete Bernstein function is a Bernstein function [37] .
The following facts about complete Bernstein functions will be needed here. 
Theorem 2.1 has the following corollaries [41] 
Every complete Bernstein function f has the integral representation:
where a, b ≥ 0 and ν is a positive measure satisfying the inequality
[ 37] . Note that the integration domain does not include the point 0. The contribution of 0 would have the form ν({0}) x, hence it could be included in the second term on the right-hand side of (7) . If the point 0 is excluded then the constants a, b and the measure ν are uniquely defined by the function f . If G is a completely monotone function integrable over [0, 1] and satisfying eq. (3) thenG
It follows that
is a complete Bernstein function [41] . A function f is called a Stieltjes function if it has an integral representation
where a ≥ 0 and ν is a positive measure satisfying (8).
Dispersion and attenuation.
The Green's function G(t, x) is defined as the solution of the problem
with zero initial data. In a three-dimensional space
e p t−B(p) r dp (12) where
It will be assumed that G is completely monotone and that the equilibrium modulus G ∞ := lim t→∞ G(t)0 is positive. The first assumption entails that Q is a complete Bernstein function. From the corollaries of Theorem 2.1 we know that the functions Q 1/2 and p/Q(p) 1/2 are complete Bernstein functions. Hence B is a complete Bernstein function. The second assumption entails that Q(0) = lim p→0 pG(p) = G ∞ > 0, hence B(0) = 0. In view of (7) the function B has a representation B(p) = c p + b(p) where c ≥ 0, the dispersion-attenuation function b has the integral representation
and ν is a positive measure satisfying the inequality (8) . A function b having an integral representation (14) will be called an admissible dispersionattenuation function. The measure ν is the spectral measure of the dispersionattenuation function b. A dispersion-attenuation function b of a viscoelastic material with a positive relaxation spectrum is admissible. The converse statement is not true, as will be shown later.
We shall now prove that lim p→∞ B(p)/p = c. The last conclusion follows from the fact that for p > 1 (12) can be recast in a more explicit form
and the dispersion-attenuation function b(p) has sublinear growth. We also note that the attenuation function is non-negative in the righthalf of the complex p-plane:
for Re p ≥ 0. The derivative
Moreover
On account of (8) the function r/(p + r) 2 ≤ 1/(1 + r) (for p > 1) is integrable with respect to the measure ν and tends to zero for p → ∞.
The attenuation function A and the dispersion function D(p) := − Im b(p) satisfy linear dispersion equations in parametric form:
The measure ν represents the dispersion-attenuation spectrum. An elementary dispersion-attenuation is represented by the function p/(p + r) for a fixed value of r. Given a CBF function b, the ratio g(p) := b(p)/p is a Stieltjes function. If the dispersion-attenuation measure ν(dr) = n(r) dr, n ∈ L 1 loc (R + ), then the dispersion-attenuation density n can be calculated by applying the formula for inversion of the Stieltjes transform:
[42]. More generally, Im g(p) ≥ 0 if Im p ≤ 0. The distributional limit lim ε→0+ Im g(−r − iε) is non-negative, hence it is a non-negative measure. For a general non-negative measure ν we thus have the inversion formula
for an arbitrary interval [a, b] of the real axis. Eq. (20) can be used to determine the dispersion-attenuation measure when the dispersion-attenuation function is given in the form of an analytic function. On the other hand either eq. (28) or eq. (29) can be used to determine the spectral density h 1 . This function is subject to only two constraints: (1) it is non-negative; (2) it must decrease faster that 1/ ln(τ ) as τ → ∞.
The Green's function can be calculated by an inverse Laplace transform which involves integration over the imaginary axis p = −iω. It is therefore important to investigate the functions b, D and A on the imaginary axis in the p plane. Substituting p = −iω in the integral representation of b we get the following frequency-domain formulas:
For completeness we also note that the propagation speed c(ω) and the quality factor Q(ω) can be expressed in terms of the measure ν
It can now be proved that the attenuation is sublinear as a function of real frequency.
The integrand of A 1 (ω)/ω is thus bounded by an integrable function and it tends to 0 for ω → ∞. The thesis follows from the Lebesgue Dominated Convergence Theorem and eq. (8).
For M = ]0,∞[ ν(dr) < ∞ we note that the integrand of A 1 (ω) tends to 1 and thus A 1 (ω) → M by the Lebesgue Dominated Convergence Theorem.
For ω > 1 the integrand r/(ω 2 + r 2 ) of D 1 (ω)/ω is bounded by an integrable function
By similar arguments one can prove that for ω → 0 
and its companion formula
where h 1 ≥ 0 and
The variable τ is different from the relaxation time τ = 1/r appearing in eq. (3). For example in the case of a finite relaxation spectrum τ n = 1/r n (eq. (5)) the attenuation spectrum is also discrete but different from the relaxation spectrum. The attenuation spectrum can be calculated from the relaxation spectrum by solving a set of non-linear equations following from the equation
and conversely.
4. Implications of finite speed of wave propagation.
, where J is the creep compliance, the Green's function (15) can be expressed in the form of a convolution It follows from Theorem 3.1 that the asymptotic growth of of the attenuation function Re b(−iω) in the high-frequency range is sublinear. This is however insufficient to satisfy inequality (33) and vanishing of the wave field ahead of the wavefront |x| = c 0 t. For example for b(−iω) ∼ ∞ ω/ ln α (ω) the integral in (33) does not always converge. Since we are interested in the high-frequency behavior, we can replace 1 + ω 2 by ω 2 in the denominator of (33). is unbounded for α < 1 and bounded for α > 1. We thus see that in contrast to the power law attenuation, linear growth is not a limit case for finite propagation speed. Some sublinear cases will also exhibit precursors ahead of the wave front.
In particular the function b(p) = p/ ln α (1 + p) with 0 ≤ α ≤ 1 is a CBF with the asymptotic properties discussed in the previous paragraph. Indeed, for Im p ≥ 0 the argument ψ = arg(1 + p) satisfies the inequality 0 ≤ ψ ≤ π. 
Examples of dispersion-attenuation functions.

Power-law attenuation.
Power-law attenuation is commonly used to match experimental dispersion and attenuation data for a wide variety of real viscoelastic materials such as polymers, bio-tissues and some viscoelastic fluids.
Consider the viscoelastic medium defined by the following equation of motion
with the initial data u(0,
denotes the Caputo fractional derivative of order α
[44].
It is assumed that A > 0, a ≥ 0, 0 < α < 1. The Laplace transformation L t with respect to the time variable and the Fourier transformation F x with respect to the spatial variable bring eq. (34) to the following form
whereû := F x (L t (u)) and g(p) := p + a p α . Eq. (36) implies that in the case of power law attenuation Q(p) = p A/g(p)
2 and B(p) = g(p)/c 0 . We shall begin with solving eq. (34) in one dimension. Applying the inverse Fourier transformation to eq. (36):
The contour can be closed by a large half-circle in upper-half complex k-plane if x > 0, in the lower-half complex k-plane if x < 0 and and
e p t−g(p)|x|/c 0 dp (37) The solution u (3) of (34) in a three-dimensional space is given by the formula
p (t−|x|/c 0 )−a p α |x| dp = 1 4πa 1/α |x| 1+1/α c 0 A P α ((t − |x|/c 0 )/(a|x|) α ) (38) where
e yz e −y α dy (39) The function P α is a totally skewed Lévy stable probability density [45, 46] . For α = 1/2 the α-stable probability P α can be expressed in terms of elementary functions. For α = 1/3, 2/3 the α-stable probability can be expressed in terms of Airy functions, see Ref. [47] . The Green's functions are easy to calculate explicitly in these cases. The Green's function vanishes at and outside the wavefront, as can be seen in the case α1/2 in Fig. 1 . For α ≥ 1 there is no wavefront and the signal peak is preceded by a precursor extending to infinity, as can be seen in the case of α = 3/2 in Fig. 1 . The limit case, as we shall see, is the asymptotic behavior b(p) ∼ ∞ a p/ ln(p). In the limit case the propagation speed is unbounded.
Since Re b(−iω) = a ω α cos(πα/2) > 0 and for p = −iω
the integrals
n+1 e p t−g(p) r/c 0 dp are uniformly convergent for r > 0 and a theorem in [48] , Sec. 4.44 implies that the derivatives ∂ n+m f /∂t n ∂r m exist for all positive integers n, m and r > 0. For 0 < α < 1 the Green's function vanishes outside the wavefront and is infinitely differentiable everywhere. Hence the Green's function vanishes at the wavefront with all its derivatives [47] .
We shall conclude the section with a spectral characterization of the power law attenuation:
The spectral measure of the dispersion-attenuation function a p α , 0 ≤ α < 1, is
Proof. Substituting the Laplace transform
in the Laplace transform
yields the Stieltjes transform
x + z dz which implies eq. (40).
Eq. (14)
does not imply that the relaxation modulus is completely monotone. All the properties of the dispersion-attenuation function b derived in Sec. 3 follow from the fact that B(p) = p ρ 1/2 /Q(p) 1/2 is a complete Bernstein function. It follows from the above property of B(p) that Q(p) 1/2 is a complete Bernstein function [41] . On the other hand Q need not be a complete Bernstein function. Therefore G need not be a completely monotone function even though B is a complete Bernstein function.
An example is provided by the power law attenuation model. The function B is a complete Bernstein function for 0 ≤ α < 1. On the other hand Q is a complete Bernstein function and G is completely monotone if and only if 1/ ≤ α < 1. (Fig. 2) . Another example is given in Section 5.4..
Cytoskeleton rheology.
The continuum model of cytoskeleton rheology [49, 21] is based on a simple creep compliance in pure extension J(t) = J 1 t β /Γ(1 + β) with J 1 > 0, 0 ≤ β < 1. The last inequality follows from the fact that the creep compliance in a viscoelastic material with a positive relaxation time spectrum is a Bernstein function [5] . A typical value is β = 0.24. It follows that The fractional Kelvin-Voigt model of bio-tissue [50] is defined by the relaxation modulus
with G ∞ , G 1 ≥ 0 and 0 ≤ β < 1. The last inequality follows from the fact that the relaxation modulus of a viscoelastic medium with a positive is a completely monotone function. In this case
1/2 p α , where α := 1 − β/2 < 1. For t → 0 the fractional Kelvin-Voigt relaxation modulus is asymptotically equivalent to the relaxation modulus of the Rouse model of dilute polymer solutions [7] and to the relaxation modulus of a derived in [51] for a ladder model of soft tissue.
In all these cases the propagation speed is unbounded because of an infinite value of the relaxation modulus at t = 0. In all these cases the attenuation function follows a sublinear power law.
Discrete dispersion-attenuation spectra.
If the measure ν = N n=1 c n ε rn , r n , c n > 0, where ε a = δ(r − a) denotes the Dirac measure concentrated at the point a, then
It is however possible to prove that (44) implies that Q is not a complete Bernstein function. The proof is not very short although quite elementary. Therefore eq. (44) implies that the relaxation modulus G is not completely monotone and the relaxation time spectrum is not positive. It follows that the dispersion-attenuation spectra of viscoelastic media always have a nontrivial continuous component.
Superlinear power law attenuation and the K-K dispersion relations.
A large number of papers in ultrasound acoustics deal with superlinear power law attenuation [29, 30, 26, 31, 52] . In order to express attenuation in terms of measured dispersion they resort to the K-K dispersion relations for the wave number K(ω) := iB(−iω). It is also assumed that a model of acoustic propagation is correct (causal) if the K-K relations with some number of subtractions are satisfied.
The acoustic K-K dispersion relations follow from the assumption that the reduced wavenumber function K(ω) − ω/c 0 is the Fourier transform of a causal function (or, more generally, causal tempered distribution) L(t). A priori the function L(t) has no physical meaning and the assumption of causality of L is unwarranted. A physical meaning can be given to the function L by the assumption that the equation of motion can be expressed in the following form:
Causality of the integro-differential operator requires that L is a causal function. In this case K(ω) = ω/c 0 +iL(−iω) = iω/c 0 +L(ω). Eq. (45) is however incompatible with the viscoelastic constitutive equations. In a viscoelastic equation of motion integral operators should act on the Laplacian of u. This kind of causality does not have any physical meaning. It is more important that the Green's function is non-causal in the superlinear case.
In [26] the authors try to guess the viscoelastic constitutive equation compatible with (45) . Their approach involves an approximation of a spatial derivative by a temporal derivative. It is however possible to avoid an approximation by shifting the dispersive terms on the left-hand side of (45) 
where G is the inverse Laplace transform of
Expression (46) ForL(p) = a p α , with a, α > 0, the function f assumes the form θ(t) + 2c 0 a t
. It is obvious that f is a Bernstein function (and G is completely monotone) if and only if 1/2 ≤ α < 1. We also note that L(t) = a t is non-negative. Hence, if 0 < α ≤ 1 then the constant a must be nonnegative. On the other hand, for 1 < α < 3 the constant a must be non-positive. As the frequency tends to infinity the frequency-dependent phase speed c(ω), given by the equation 1/c(ω) := Re[iB(−iω)]/ω = 1/c 0 + a |ω| α−1 sin(α π/2) increases to its maximum value c 0 if 0 ≤ α < 1 ("abnormal dispersion"). For 1 ≤ α < 2 it increases from c 0 at zero frequency to infinity at a finite frequency ω 1 = [c 0 |a| sin(α π/2)] 1/(α−1) and changes sign. For 2 < α < 3 phase speed decreases from c 0 at ω = 0 to 0 at infinite frequency ("normal dispersion"). This behavior of the phase speed results in the appearance of precursors.
7. Viscoelastic constitutive equations with a Newtonian viscosity component.
We shall briefly consider viscoelastic constitutive equations with a Newtonian component:
where the Newtonian viscosity η > 0. If G is completely monotone then the function Q(p) = pG(p) + η p is a complete Bernstein function and the theory developed above remains valid except that lim p→∞ Q(p) = ∞. A particular case is the hysteretic damping model defined by the constitutive equation (48) and eq. (43) [22] .
Since 
Hence high frequency asymptotics of the attenuation and dispersion functions is entirely determined by the Newtonian component:
Similarly
The low frequency asymptotics of the attenuation and dispersion is entirely different. For small p the term pG(p)
This shows that in the low frequency range the attenuation function has an approximately quadratic frequency dependence. The above described low-and high-frequency behavior described here has been experimentally confirmed for superionic glasses, with the high-frequency asymptotic exponent α ≈ 0.8 [20] .
The inverse Fourier transform (12) involves the exponential
For large t − r/c ∞ eq. (52) can be substituted in (12) . Upon the changing the integration variable y = ω r 1/2 and setting Q(p) ≈ Q(0) = G ∞ in the integrand eq. (12) assumes the form
where
(54) According to eq. (53) the Green's function in the long-range assumes the form of a Gaussian pulse traveling with the speed c ∞ . The quadratic dependence of the attenuation can be associated with the r 1/2 scaling of the pulse width. A rigorous theory of long-range asymptotics of viscoelastic Green's functions in the absence of Newtonian viscosity is presented in [53] . In these cases the the pulse form and the scaling of the pulse width are different. The restrictions imposed on the dissipation-attenuation exponent α by the positive relaxation spectrum and by finite propagation speed apply to the asymptotic behavior of b(p) at infinity. At low frequencies the exponent is close to 2. It is likely that the experimentally observed superlinear power law behavior applies to an intermediate frequency range.
For limited frequency bands very good fits of viscoelastic models to superlinear power laws can be obtained. For example, the Voigt model
is a special case of the class of viscoelastic models considered here. In this case In [52] exponential power law attenuation was matched with Voigt models in the frequency range 50-600 Hz. For ρ = 1000 kg m −3 , G 0 = 2.5 and 10 kPa, η = 0.5, 2, 4 Pa s a reasonable fit was reported with exponent values close to 1.5. It is however pointed out in [54] that the frequency range covered in data acquisition available with current technology is not adequate for demonstrating that the attenuation function satisfies a power law with an exponent in the range between 1 and 2.
Let β(ω) := ln[A 1 (ω)/A 1 (1)]/ ln(ω) denote the local exponent of the attenuation function. β is an analytic function. Consequently if β(ω) is constant over a finite range of frequencies then it is constant over the entire frequency range 0 < ω < ∞ and the attenuation function A 1 satisfies a power law. In Figs 3-5 the local exponent has been plotted for the data of Ref. [52] for the frequency range 50÷600 Hz as well as for the corresponding kilo-Hertz and megahertz ranges. Approximately constant exponents are observed over frequency ranges of logarithmic width ln (50) . The solid line represents the exponent for G 0 = 10 kPa and η = 0.5 Pa s, the dashed line corresponds to G 0 = 10 kPa and η = 4 Pa s, and G 0 = 2.5 kPa and η = 0.5 Pa s. 
